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WANDERING OUT TO INFINITY OF DIFFUSION PROCESSES
BY
AVNER FRIEDMAN(!)

ABSTRACT. Let £(¢) be a diffusion process in R”, given by d£ = b(£)dt +
o(£€)dw. Conditions are given under which either If(t)l —o00as ¢ —oo with
probability 1, or £(¢) visits any neighborhood at a sequence of times in-
creasing to infinity, with probability 1. The results are obtained both in
case (i) o(x) is nondegenerate, and (ii) o(x) is degenerate at a finite
number of points and hypersurfaces.

Introduction. Let w(t) = (wl(t), «+«, w"(t)) be an n-dimensional Brownian
motion. It is well known [6, p. 236] that

(i) if »> 3 then, as t — oo, w(t) wanders out to « in the sense that
P{lu(t)] > o if t —» o} =1;

(ii) if n = 2 then w(t) visits each disc at a sequence of times increasing to oo,

The purpose of this paper is to establish this behavior for general diffusion
processes; more specifically, for solutions £(t) of stochastic differential systems.
For simplicity, we shall take the coefficients to be time-independent. Thus, &(¢)
is the solution of an n-dimensional system

(0.1) d€(t) = b(E ()t + o€ ())dult),
where £(2) = (§,(t),+~, fn(t)), b(x)= (b,(x),+++, b_(x)), and 0o(x) is n x n matrix
(0; ,'("))'

In $$1, 2 we consider the case where the matrix o(x) is nondegenerate for
all x € R%. In$1, we prove a theorem of the form (i), and in 32 we prove a theo-
rem of the form (ii). The conditions under which these theorems are proved are
rather sharp. Moreover, they do not depend exclusively upon the dimension n.
Thus, some diffusion processes wander out to « even though » = 2, whereas others,
with n > 3, visit any ball at a sequence of time increasing to oo,

In $§3, 4 we consider the case where the matrix o(x) is degenerate.

Finally, in $5 we complement the results of $1 by deriving an estimate on the
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rate at which |£(t)] — o as t — oo; it is proved that

Pxﬂf(t)l/te oas t —o}=1, forany 0< <Y,

1. Nondegcherate diffusion: Wandering out to infinity. Set

l n
%i=7 22: ixjk’

Lu= ¥ a, (x) +2 b(x)

iti—l 1 1

We shall assume
(A,) For all x € R,

n n
Y bW+ X loi,.(x)l <C( + |x])  (C constant);
i=1 ij=1

for any R > O there is a positive constant Cp such that
n n
i-;l 16,(x) - & Y] + i;:l |aii(x) - oﬁ(y)l < Cplx -yl

if |x| <R, |yl <R.
(Az) The matrix (al.,.(x)) is positive definite for each x € R™,

Let
Alx, &) = (x)ff ,
|§ | x.;zax
B=3 a ), Cle, )= 3 ),
i=1 i=1
and set
(1.1) S(x, &) = Bk - Al ) + €, £) ,  S(x) = S(x, x)

A(x, f)

We shall need the assumption:
(A;) There is a positive constant R such that

1.2) S()>1+e|x]) if |x| >Ry,

where €(r) is a continuous function satisfying
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1 t s)
1. - -t e .
(1.3) IROt exp[ IRO S ds]dt< o0

Notice that (1.3) holds for any of the functions €(s) = d, e(s) = A/s, e(s) = B/(logs)
where d, A, B are positive constants and B > 1.

Theorem 1.1. Let (A3-(A;) hold. Then, for any x € R™,
(1.4) PUEW@| — o if t o} =1,

Proof. Let a> 0. By (A;), there is a continuous function 6() defined for
r > a such that

1.s) (&) > 6(|x)  if |x| >a,
(1.6) 0r) =1+ lr) if 'ZRo‘

We shall construct a function f(x)= F(r), where r = |x|, such that Lf(x)< 0 if
|x| >a. As easily verified,

1.7) Lf(x) = Alx, x)F"(r) + (F'(+)/")[B(x) - A(x, x) + C(x, x)].

Hence, if

(1.8) F'(r)SO for r>a,

1.9) F'(r) + 0¢)/F'()=0 for r>a,
then, by (1.5)=(1.7),

(1.10) LI <0 if x| >a
Set
.11) 1) = 7 %) 4.
a s

Then a solution of (1.9) is given by

(1.12) F(r) = j:" e~ gs;

the integral is convergent, by (1.3), (1.6). Notice that (1.8) is also satisfied.
Hence (1.10) holds when F is given by (1.12).
By It&’s formula and (1.10), if |x| > then

1.13) EFIE@) - E F(x]) = E, ) L{€(sNds <0
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where 7 is any bounded stopping time such that |£(s)| >a if 0<s<r. Let B>a,
and let 7, 5 denote the exit time from the shell {y; a<|y| < 8}. Denote by P_(a)
the probability that |f(raﬁ)| =a (given £(0)=x) and by P_(8) the probability
that |£(r, 3)| =B (given £(0)=x). Setting 7=T A 7op in (1.13) and taking

T — o, we get (since 'aﬁ< o a.s.; see Theorem 1 of [3]),

F(a)P_(a) + F(B)P (B) < F(|x|).

Taking 8 — oo and using the fact that F(B) — 0 if 8 — 0, we get

(1.14) lim P (o)< FU=D
B—e * = F(a)

Introduce the balls B, =ly; [y| < p} (0< p < =) and the event

(1.15) Q(a) = {£(¢) hits the ball B, for some ¢ > 0},
Then we can write (1.14) in the form:
(1.16) P, (Q()) < F(|x|)/ Fla).

Denote by ¢j the hitting time of the boundary of the ball B by £(:). By
[3, Theorem 1], if |x| < R then E_tp < eo; consequently, Px“R < oo} = 1, Introduce
the event

(1.17) 0%(@) = {£(2) hits the ball B, at a sequence

of times increasing te oo}

Thus Q%a) is a subset of Q).
Let a< |x| <R. Since P {tp <e}=1,

Px(ﬂ*(a)) = P{£(¢ + tp) hits B, at a sequence of times increasing to e}
Using the 'strong Markov property, we get
* *
Px(Q (@) = ExP§ ( ‘R)(Q (@)
<E P, {Q@)< EF(RY/F(a) = FR)/Fla),
R

where (1.16) has been used. Taking R — oo, we get Px(ﬂ* a))= 0. This means
that

p{lim 0120} -1

t—>



WANDERING OUT TO INFINITY OF DIFFUSION PROCESSES 189

Since a is arbitrary, we get

Px{l_im {0 =,‘,}= 1,

t—o0

i.e., (1.4) holds.
We shall now replace the condition (AS) by
(A;) As |x| — o0,

(1.18) a,(x) —al,
1 ij
(1.19) 3 xpx) =0,
i1

where the matrix (a?j) has at least three positive eigenvalues.

Theorem 1.2. Let (Al)’ (Az)’ (A;) hold. Then, for any x € R™, the assertion
(1.4) holds.

Proof. We can perform a nonsingular transformation x — x' in R" which
takes (a?,.) into (a’:l.), where a:.;. =0ifi#j, a’:i =1ifi=1,2,3and a:.:. =0orl
if 4< i< n. Inthe new coordinates the condition (A,) holds with e(s) = d where

d is any positive constant < 1. Now apply Theorem 1.1,

2. Nondegenerate diffusion: Visiting small neighborhoods. We shall replace
the condition (A ,) by
A 4) For any z € R” there is a positive constant R . such that

2.1) SCe, x - 2) <1+ e(|x-2]) if |[x-2| 2R,

where €(r) is a continuous function satisfying

(2.2) fl::?lexp[-f‘; %s_,_) ds] dt = for some R, > 0.
*

For simplicity we have taken €(r) to be independent of z; but the subsequent
results are unaffected if €(r) is allowed to depend on z.
Notice that the function €(r) = 1/(logr) satisfies (2.2).

Theorem 2.1. Let (4,), (A,), (A) bold. Then, for any x € R™ and for any
ball B, (z)=1y; ly - z|<a}, >0,

(2.3) P IE@) bits B,(2) at a sequence of times increasing to o} = 1.

Proof. We take, for simplicity, z = 0 and write B, = B_(0). We shall first
construct a function f(x) = F(r) for r = |x| > a such that
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(2.4) L{(x)>0 if |x|>a.

Let 6(r) be a continuous function such that

.5) S <6(|x)  if x| >a,

2.6) 0() =1 +¢) if r>R,.

In view of (1.7), if F(r) satisfies (1.8), (1.9) then (2.4) holds. With the definition
(1.11), the function

2.7) F() = —-f; e~ 1) gs
satisfies both (1.9) and (1.8). In view of (2.6), (2.2),

(2.8) F(r)— —oo if r — o0,

We shall now apply the first part of (1.13) to the present function F(r).
Making use of (2.4) and taking 7 =7,3 A T, we get, after letting T — oo,

2.9) F(a)P (a) + F(B)P (B) - F(|x]) > 0.

Taking B — o in (2.9) and using (2.8), we conclude that P _(8) — 0if 8 — oo
Hence, P (@) =1-P _(8) — 1 if  — . This means that

2.10) P.(Q@) = 1

where Q(a) is defined in (1.15).

Forany p >0, let 9B, =1y; ly| =pl. Let a<R <R, <ee+<R_<eeey
R, — o if m — oo, Introduce Markov times

7, = first time £&(2) hits B;

0, = first time > 7, such that £(2) hits 0B R
in general,

7, = first time > 0 _, such that &(¢) hits Bg;

0,, = first time > such that &(¢) hits 9B R

By (2.10), 7, < a.s. Hence, by the strong Markov property,

Px(al < o) = Px(fl < oo, 9, < o0) = Efo (,I)Xal-rlo-"

By Theorem 1 of [3], P_(0, -7, <) =1 if |z| <R,. Since [{¢ )| =a<R, as.,
we get Px(al <o) =1,



WANDERING OUT TO INFINITY OF DIFFUSION PROCESSES 191
We now proceed by induction. Assuming that r < « a.s., we get
Px(Om < 00) = Px(fm < oo, Om < 00) = Efo(T )Xd -7 <00 = 1
m m m
since P (0 -7 <o)=1if [z <R (by [3]). Next

Px(rm.'_l < 00) = Px(om < oo, Tasl < o0) = Eng(am)xrm =0, <oo =1
since, by (2.10), P (r -0, < )=1forany z € R", |2| > a.

We have thus proved, by induction, that 7, < e a.s. for all m.

Now, at each time ¢ =7r_, £(¢) hits B,. Further, since |£(o )| = R, —
as m — oo, lim _ 0 =oo hencealso lim _ 7 =oo. This completes the
proof of (2.3) (in case z = 0).

Ve shall now replace the condition (A ) by

(A;) As |x| = oo,

(.11) aii(x) - a?j = o(1/log |x]),

(2.12) h> [bi(x)| = o(1/|x|log |*|),
and the matrix (a?i) has precisely two positive eigenvalues.

Theorem 2.2. Let (Al)’ (Az)’ (A;) bold. Then, for any x € R", the assertion
(2.3) holds for any z € R", a.> 0.

Proof. We perform an orthogonal transformation x — x ! that takes (a ) into
a new matrix (a )thha,—01f1£lorxfz—]>3 and a ,=lifi=1, 2 In
the new coordmates, the condition (A ) is satisfied with c(r) 1/(logr). Now
apply Theorem 2.1.

Remark. Suppose (A ;) is replaced by

a, (%) —a% as |x| - w,
i ij
2o ) = o(1/|x]) as |x| — e

where the matrix (a:.)i) has precisely one positive eigenvalue. Then the asser-
tion of Theorem 2.1 remains valid, with the same proof; here €(r) = d where d is
any positive constant < 1.

Example. Consider the case where » > 2, b, = 0 and 0 is such that

Yoo* = (a,.,.), a; = 8,.]. + (g(r)/rz)x,.xi o= x|);
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g(7) is a Lipschitz continuous function vanishing near r = 0, and

p< glr) <M where p>-1, M< oo (4, M constants).

The eigenvalues of (al.j(x)) are 1 (with multiplicity n - 1) and 1 + g. Hence
(a,.,.(x)) is positive definite for all x € R™, Clearly,

S(x)=1=(n=-2-g)/1+gN=ebr)

Hence, if g(r) is such that e(r) = A/(logr) for some A > 1 (and all large r) then
the assertion of Theorem 1.1 holds. If g(r) is such that €r)=1/(logr), then
(A,) holds with e(s) = 1/(logs) + C/s for some positive constant C; consequently
the assertion of Theorem 2.1 holds. This example shows that the conditions
(A3), (A4) made in Theorems 1.1, 2.1 are rather sharp.

This example also shows that the behavior asserted in Theorems 1.1 and
2.1 does not depend exclusively on the dimension n. In fact, given any () which
converges to 0 as r — o, take g = (n -2 + €)/(r + €) (for all large r) in the above
example. Then the behavior of £(¢) does not depend on n; if €(r) > A/(logr) for
some A > 1 then £() wanders out to = (i.e., (2.3) holds), whereas if €(r) <1/(logr)
then £(t) visits any neighborhood at a sequence of times increasing to oo,

Meyers and Serrin [7] have introduced the conditions (A;), (A,) in studying
the existence and uniqueness of bounded solutions u for the exterior Dirichlet
problem. When (A 3’) holds, they prescribe u at o, but when (A ) holds they only
require that z be bounded near «. The above example is taken from [71.

3, Degenerate diffusion: Wandering out to infinity. We shall now allow
the matrix (ai,.(x)) to degenerate on a compact subset of R”, This set
will consist of a finite number of points G, = {Zl},'“, G"o = fzk } and
of a finite number of hypersurfaces ¢9Gko+ TR GG,e ke where G"'o"" isa

closed bounded domain with boundary dG It is assumed that G, NG i= ]

ififj. Let

Ie0+i’

k n
k=ky+k, G=U G, G = R"\G.

i:l
Denote by p(x) the distance from x to G, when x ¢ int G, and let

¢, = min dist (G, G ).
0 ¥ o
We shall assume

(B,) 9G, (kg+1<h<h)isin C>. 1 1< h<kgthen bfz,)=0,0,(z,)=0

for1<i,j<mn. If ky+1<h<k then
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(3.1) z a vy, = 0 on aG
i,j=1 i
n 32
3.2) -(b, V) + Z a, > 0 on 86

ig=1 i ax éx

where v is the outward normal to 36 . Finally, the matrix (a (x)) is nondegen-
erate for any x € G.

If (Al)' (Bl) hold then, by Friedman and Pinsky [s, Theorem 1.1], for any
X € &,

Px{f(t) hits G at some time ¢ > 0} =

By [5], there exists a continuous function R(x) in R™, which has the follow-
ing properties:
(i) R(x) is in CX(G);
(i) R(x)> 0 in G;
(iii) R(x) = p,(x) if p,(x) < €p; R(x) > €, if min, p,(x)> €,
(iv) R(x) = |x| if |x| is sufficiently large,
v) 21 =19 (x)a R/&x ax <01fx€G v R(x) 0;
there are precxsely /e -1 points x in G with V R(x) 0.
Let
] - i 2 OR (?R

i,7=1 j ax ax

z; bR . 3 0 IR,

xi iyj=1 v a‘x ax

0 =1/R)XB-G/R).
Then, if g(x)= ®(R(x)),
(3.3) Lg(x) = {[@"(R) + ®'(R)/R] + ROD'(R).

Clearly
S() =1+ RA)Q()/Q(x) if |x| is sufficiently large.

As proved in [5], if imQ(x)< 0 as R(x) — 0 and as R(x) — oo, then

P {mm [p &l —o 1ft—¢oo}—l if x € G;
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Thus, in this case, £(¢) neither wanders out to = nor visits any neighborhood in
Gata sequence of times increasing to ., Hence, in order to obtain the type of
behavior asserted in §§1, 2, we shall have to change the conditions on Q(x).

As will be shown, in order to generalize the results of §§l, 2, tothe present
case where (B) holds, we do not need to change the conditions (A 3), (A 4) near
o, We only need to impose a condition on Q(x) near R(x)= 0. This condition is

(Bz) For some 0< 80 < €, there is a continuous function €(r), defined for
0<r< 8, such that

(3.4) 0(x) > @&)/R*(x)e(R(x)) if 0< R(x)< Sy

and

3.5) [ ! 0, |, if 7 — 0
. , ; exp s -—t— t S — o0 1t r—Y

We can take, for example, €(s) = - 1/[log(l/s)].

Remark. The condition: limQ(x)< 0 as R(x) — 0 is a *‘stability condition”’,
meaning that G attracts £(¢) near the boundary. The condition (3. 4) can be in-
terpreted as a weak *‘repelling condition”’.

Theorem 3.1. Let (A,), (B,)), (B,) and (A,) bold. Then, for any x € G,
(.6) PAEWD| — = if 1 —oc}=1.

Let G be contained in a ball By = fys Iyl <R
We shall first prove a lemma.

Lemma 3.2. Let (A)), (B,), (B,) hold and let B > R,. Then, for any
x € a al BB’

3.7 Px{f(t) bits the set 3313 for some t> 0} =1,

Here Bpg is the ball {y; |y| < B} and 6Bﬂ is its boundary.
Proof. We first construct a function g(x) = ®(R(x)) for x € G N Bg, such that

(.8) Lgx)<0 if x€G N B,

Denote by z,***, z,_, the points in G where VxR(x) = 0. By slightly
modifying the proof of Lemma 2.1 in [5], we obtain a modified function R(x) for
which the points z;,***s Z_ lie outside the ball B,B' We shall work, in the
present proof, with this modified function R(x); it coincides with the original
R(x) in the €j-neighborhood of G.
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We claim that there is a continuous function 0(r) satisfying
(3.9 1+ R2(x)0(x)/Ax) > O(R(x)) if x € Gn Bpg,

(3.10) 0()=1+e() if 0<r< 8

Indeed, since @(x)£ 0if x € &, VxR(x);é 0, the left-hand side of (3.9) is a
bounded function if x € G N Bg, min, pb(x) > 30. Using the assumption (3.4),
the existence of 0(r) [satisfying (3.9), (3.10)] follows.

Let ®(r) be a solution of

(3.11) () + 60ND'(1)/r=0 if 0<r<r,

(.12) D'(<0 if 0<r<ry

where r = max| .| <g R(x). Then, upon using (3.3), (3.9) we conclude that

g(x) = D(R(x)) satisfies (3.8).
A solution of (3.11), (3.12) is given by

s 5
(3.13) o) = fro exp[ ; 0 05_!) a't]ds.

In view of (3.5),
(3.14) ®() -0 if r— 0.

By Ito’s formula and (3.8)
(3.15) EQUEON - E®(xD=E_ [ Lglé(s)ds <0,

where 7 is any bounded stopping time such that &(s) € G NBg if 0< s <7, De-
note by G, (¢> 0) the closed e-neighborhood of G, and denote by o, p the hitting
time of the set G, U 8Bﬁ. By [3, Theorem 1], Px(0€ﬁ< w)=1if x £ Gox€ B,B'
Denote by Px(e) the probability that f(acﬁ) €G ¢ (given £(0) = x), and by Px(ﬁ)
the probability that &(o, ) € 0By (given £(0) = x). Substituting 7 = o AT in
(3.15), and taking T — o, we get

®(e)P, (o) + D(BIP_(B) < D(|x|).

Taking € — 0 and using (3.14), we deduce that P _(¢) — 0 if ¢ — 0. Hence
P_(B) —1 if ¢ — 0. But this implies the assertion of the lemma.
Let R*<a <R and denote by tp the hitting time of the ball B,. By
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Lemma 3.2, P (tp <) =1ifx € G. Hence, by the strong Markov property (cf.
the proof of Theorem 1.1),

PQ* @) = EPg, \Q* @) < EPg (OO

where the notation (1.15), (1.17) is used.
Now, in the domain {y; |y| > R*} the matrix (a,/y) is nondegenerate. Since
the condition (A 3) holds, the estimate (1.14) remains valid for x = (¢ R)‘ Hence

P(Q"() < F(RY/F@)  (F(r) = 0 if r — o).

We can now complete the proof, as in the case of Theorem 1.1, by taking R — o
and noting that a can be arbitrarily large.

Theorem 3.3. Let (A,), (B,), (B,) and (A;) hold. Then for any x € G the
assertion (3.6) holds.

Proof. Proceeding as in the proof of Theorem 3.1, it remains to establish
the estimate (1.14). We now perform a nonsingular transformation as in the proof
of Theorem 1.2.

4, Degenerate diffusion: Visiting small neighborhoods.

Theorem 4.1. Let (A)), (B,), (B,) and (A,) hold. Then, for any ball B (z)=
{y; ly = z| <}, a> 0, lying entirely in G, the assertion (2.3) holds.

Proof. For simplicity we take z = 0. Let R be any positive number such
that R > & and such that G is contained in the interior of the ball Bp. We shall
prove: if x € 0B then

4.1) P {& (@) hits the ball B, for some ¢ > 0} = 1.
Let 8 > 0 be sufficiently small so that & < ¢, the closed 8-neighborhood

G of G lies in the interior of Bp, and G5 NB, = g.
We shall construct a function f(x) = F(R(x)) in R"\G s such that

(4.2) Li(x)>0 if x € R"\Gj,
(4.3) F(r)——co if 7 —» oo,

Notice that at the points z (m=1,+++, k ~ 1) where VxR(x) =0,® =0 and,
therefore, by the property (v) of R(x), Q < 0. Hence, Q(x)< 0 in a neighborhood
of each point z_. It follows that there is a continuous function 0(r), 6 < r< oo,
such that
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(4.4) 1+R%Q/Q<6R) if x € R™\Gyg

In view of (A,), we can choose 0(r) so that, for all r sufficiently large, 6(r) =
1 + e(r) where €(r) satisfies (2.2). If we now define F(r), for r >, by
F(r) = —f; e 1gs,  Ks)= [ Ot(t)

then F'(r)< 0, and (4.2), (4.3) hold. Arguing as in the proof of Theorem 2.1
(following (2.8)) with the present function f(x) = F(R(x)) and with the set
ty; lyl < ol replaced by G, we conclude that for any x € R”\Gs,

4.s) Pxff(t) hits the set Gy for some ¢> 0} =

Let B> R and denote by G B8 the domain bounded by G, 9B, GBﬁ
Denote by e the exit time from this domain. By [3 Theorem 1], P (r < o0)=1
ifxeG aBs* Using the strong Markov property we get, for any x € GB R

P {£ () hits B, for some t > 0}
= Pxff(t + 7013) hits B, for some ¢ > 0}
P £

> Px{.f (’a,B) € aBa¥ + thf(faﬁ) € 3Gsl ye";f,s P {£() hits B, for some t> o}.

)ff(t) hits B, for some ¢ > 0}

Denote by 0, the hitting time of B, U 0B . By Lemma 3.2, if y € dGj,
then P (0,p < )=1. Hence, by the strong Markov property,

Py{-’f(t) hits B for some > 0}
= Py{f(t +0,p) hits B, for some ¢ > 0}
= EyPg (UaR){f(t) hits B, for some ¢ > 0}
= P {g(oaR) € aBa}

+(-P ‘f(a ) € 0B f) me Px{f(t) hits B, for some ¢ > 0.
X€N R

Combining this with the previous inequality, and setting
P (o) = P {£(2) hits B, for some ¢> O},
Yo () = P1EGoR) € OB},
yp0)= BJEG, ) € 3G},
ply) = nyf(oaR) € dB,},
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we arrive at the inequality,

(4.6) P (a)>y,5() +yg(x) ) ;ng 8{#()1) + (1 = py)] . eigg ' Pz(a)} .

Note that yaﬁ(x) is the solution u(x) of the Dirichlet problem:

Lu=0 in 6a.ﬁs’
u=1 on aBa,

u=0 on dGg UaBﬁ.

Hence, by the strong maximum principle, y, p(x) is positive on 9B g+ Further,
Ya ,3(") / if B /'. Similar assertions are true for yﬁ(x). Since y, B(x) + y'B(x) <1,
we conclude that

N

(4.7) Y1 <0<l (x€dBp)

where 0 is a constant independent of B.
Notice that (4.5) implies that

(4.8) Yaﬁ(") + yﬁ(x) —1 fB—oow (x€ aBR).

Let Pa = mfze B

0Bp so that P, > Pxo(a.) - 1. Let y, be a point in dGg such that

P,(a). Let 7 be a positive number, and choose x in

inf {ply) + (1= gGNIP} > {uly ) + [1 = pwly JUP, - 7.
yeaGS

Applying (4.6) with x = x, we get
P, 2 %, 50x0) + v (xlulyg) + [1 = ply)IP,} - 29,

Hence

PAL = ya(x o)t = ply )l 2 1,50xg) + v5(x llyo) - 274
Taking B sufficiently large and using (4.8) With x = x, we get
Pl - yﬁ(xo)[l -yl >l - yﬁ(xo)[l - ply )l - 32

Denote the expression in braces by Ag. From (4.7) it follows that Ag>
1-0>0. Hence

P,>1-3n/Az>1-37/(1-0).
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Since 7 is arbitrary, P, = 1. This implies that P (x)=1forall x € E)GR, i.e.,
(4.1) holds.

Having proved (4.1), we can now easily complete the proof of Theorem 4.1
by the argument given in the proof of Theorem 2.1 (from (2.10) on). Instead of
(2.10) we use (4.1), and instead of Theorem 1 of [3] we use Lemma 3.2.

Remark 1. Theorem 4.1 remains true if the condition (A 4) is replaced by
(A;), or by the conditions in the remark following Theorem 2.2.

Remark 2. When the al.].(x) are linear homogeneous functions, the matrix
(al.’.(x)) degenerates at the origin and (possibly) along rays initiating at the
origin. In case the b,(x) are also linear homogeneous functions the behavior of
£&(¢) was studied in detail in [4). The function Q(x) is now homogeneous. If
Q(y)< O for all y, |y| =1, then Pxff(t) —0ift — oo} =1forall x. If Q(y)>0
for all y, |y| = 1, then P _{|£(1)] — oo if ¢ — oo} = 1 for all x £ 0.

5. The rate of wandering out to infinity. In this section we return to the
situation of Theorem 1.1. We shall assume

(A) ai’.(x), b(x) are bounded functions in R", the aij(x) are uniformly
Hélder continuous in R", and, for all x € R", £ € R™,

n
> a (x¥E£ > a0|§|2 (a0 positive constant).
=t T

We shall also assume that the function €(r) occurring in the condition (A 3)
satisfies, for some r, sufficiently large,

.1) e()=d if r>r; (d positive constant).

Theorem 5.1. Let @A, (AS) bold and let (A3) bold with €(r) satisfying
(5.1). Then, for any 0< 6< Y, x € R,

(5.2) PHEDV/L® — oo if £ — oo} = 1.

For £() a Brownian motion w(t), this result was proved by Dvoretsky and
Erdés [1]. As in [1], the function ¢/ occurring in (5.2) can actually be replaced
by t%g(t))\(t) where g(¢), A(t) are positive, monotone decreasing, A(t) — 0 if

t — o0, and
ke d
n; e(2™] 9< o for some d,<d, do <n

More recently, Theorem 5.1, under more restrictive assumptions, was proved by
Friedman [3]. The proof in [3] exploits the result of Dvoretsky-Erdds together
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with estimates on E_|£(:) - aow(t)lz, where 0, = limo(x) as |x| — . The
present proof is entirely different from that in [3]; it is modeled after the proof
in [1] for &(t) = w(2).

We shall first prove two lemmas.

Lemma 5.2. Let @A), (AS) and (A 3), (5.1) hold. Then there exists a posi-
tive constant C such that for any o> ry, x € R”,

(5.3) PAE(W)| <a for some t> 0} < cla/ |x)?.

Proof. Let R > a. Consider the Dirichlet problem:
Lug(x) =0 if a<|x|<R,
up=1 if |x|=0,up=0if |x| =R

Let f(x) = F(r) (r = |x|) be the function constructed in the proof of Theorem
1.1. Then wv(x) = F(rYF(@) (r = |x|) satisfies

Lv<0 if a<|x|<R,
v=1 if |x|]=a, v>0, if |x|=R.
Hence, by the maximum principle,

(5.4) 0 < up(x) < wlx)

By a standard argument (cf. [7]), there exists a sequence R = R, /" o for
which the up(x) converge point-wise to a solution  of

(5.5) Lu=0 if |x|>a, u=1 if |x|=1.
From (5.4) we get

I exp [~I(s)]ds
0<ulx)<olx) = Z

j:exp [-1(s)1ds
Using (5.1) to estimate the right-hand side, we obtain,
(5.6) 0< ulx) < Ca/s?

where C is a constant independent of @, x.
Now, by Ito’s formula, if a< |x| < R,

uR(x) = Px{tf (¢) hits 9B, before it hits dB R}.

Hence, if |x| > a,
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5.7) ulx) = Px{-f (¢) hits 9B, for some ¢ > O}

Now, if |x| < & then the assertion (5.3) is trivially true (with C = 1), If, on
the other hand, |x| > a then the assertion (5.3) follows from (5.7), (5.6).

Lemma 5.3. Let (A,), (As) and (A,), (5.1) bold, with d< n. Then there is a
positive constant C' such that, if a.> ros |¥ <a/4, T >0,

(5.8) PHEW@| <o for some t> Ti< C'(a/TH),

Proof. By the Markov property and Lemma 5.2,

P £ <a for some ¢> T}
=EP, (T){ |€ ()] < a for some ¢ > 0}
=P{EM] <al+ Ex{x|§(T,l>a[Cad/|§(T)|d];

=I+].

5.9

Denote by K(t, x, y) the fundamental solution of the parabolic operator

d/d: - L. By [2],
(5.10) 0< K(t, %, y) < (/1) exp l-plx - y17/1]

where M, p are positive constants.
We can write

I= j‘y!sa K(T, x, y)dy>

J= Ca.d VI)">G'E]T; K(T, Xy y)dy-

We shall subsequently denote various positive constants by the same symbol C.
Substituting |y — x| = pV/T in the integral I and noting that

T =ly-x<2a (since lyl <a x| <),

we get

2 n
p"~le=F dp< C _9;_) .

I<c 7

£/T<2a
Substituting |y = x| = pVT in the integral | and noting that
pVT = |y - x| >a/2 (since || 2 & |x| <a/2),

Iyl > ly =% = || > pVT/2 (since |x| <a/4< |y ~x|/2),
we get
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n-1

d [ -pp
<G fp/T>a/2 ( \/T)d e ap

<C(7?) Jono?™ "“e'“”zdpﬂc(%)d

since n—1 —d >~ 1, Substituting the estimates for I, | into (5.9), the asser-
tion (5.8) follows.
Proof of Theorem 5.1. Without loss of generality we may assume that d < .

We apply Lemma 5.3 with T=2",a = 2+ D0 Gpere mis a positive integer
such that |x| < 2m+ D8y e get

Px{ €] < 12 for some 4, 2" <t< 2mtly

< Px{ |E@)] < 2m+16 o0 some t>2™

< C[z(m+l)9/2m/2]d< sz(@-%)d

Since S 2m (0-#)d ¢ oo, the Borel-Cantelli lemma implies that, with probability
1, the sequence of events

{EW)| < t% for some ,2m<t<2mtly

(where £(0) = x) occurs only finitely often. Hence

Pl |€@) > t? for all ¢ sufficiently large} = 1.

Since this is true also for A replaced by any 8', 6 < 0'< ¥, the assertion of the
theorem follows.

Corollary 5.4. Let (A)), (A) and (A;) bold. Then, for any 0< 6< Y%,
x € R™, the assertion (5.2) holds.

Indeed, perform a nonsingular transformation as in the proof of Theorem 1.2,
In the new coordinates the conditions (A,), (5.1) hold.
Remark. Consider the example at the endof $2. If n=2and g =
-1/ + 1/d) (d > 0), then the assertion of Theorem 5.1 holds. Thus, even when
. . 6
n = 2, a diffusion process £(t) may wander out to » at a rate > ¢, for any
0<0< Y%

REFERENCES

1. A. Dvoretsky and P. Etdds, Some problems on random walk in space, Proc.
Second Berkeley Sympos. on Math. Statist. and Probability (1950), Univ. of California
Press, Berkeley, Calif., 1951, pp. 353-367. MR 13, 852.



WANDERING OUT TO INFINITY OF DIFFUSION PROCESSES 203

2. A. Friedman, Partial differential equations of parabolic type, Prentice-Hall,
Englewood Cliffs, N. J., 1964. MR 31 #6062.

3, ————, Limit behavior of solutions of stochastic differential equations, Trans.
Amer. Math. Soc. 170 (1972), 359-384.

4. A. Friedman and M. A. Pinsky, Asymptotic behavior of solutions of linear
stochastic differential systems, Trans. Amer. Math. Soc. 181 (1973), 1-22.

S. ——— Asymptotic stability and spiraling properties of solutions of stochastic
equations, Trans. Amer. Math. Soc. (to appear).

6. K. 1t8 and H. P. McKean, Diffusion processes and their sample paths, Die
Grundlehren der math. Wissenschaften, Band 125, Academic Press, New York; Springer
Verlag, Berlin, 1965. MR 33 #8031.

7. N. Meyers and J. Serrin, The exterior Dirichlet problem for second order elliptic
differential equations, J. Math. Mech. 9 (1960), 513—-538. MR 22 #8200,

DEPARTMENT OF MATHEMATICS, NORTHWESTERN UNIVERSITY, EVANSTON, ILLINOIS
60201



