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WANDERING OUT TO INFINITY OF DIFFUSION PROCESSES

BY

AVNER FRIEDMAN(l)

ABSTRACT.  Let g(t) be a diffusion process in R", given by d¿¡ - U¿)dt +

cr(£)dw. Conditions are given under which either  \¿i(t)\ — oo as t — oo with

probability 1, or ¿i(t) visits any neighborhood at a sequence of times in-

creasing to infinity, with probability 1.   The results are obtained both in

case (i) o-(x) is nondegenerate, and (ii) cr(x) is degenerate at a finite

number of points and hypersurfaces.

Introduction. Let w(t) = (w (t), • • •, w"(t)) be an 72-dimensional Brownian

motion.   It is well known [6, p. 236] that

(i) if 72 > 3 then, as t —» 00, w(t) wanders out to <» in the sense that

P\\w(t)\ — 00 if / -,oo| = l;

(ii) if 72 = 2 then w(t) visits each disc at a sequence of times increasing to 00.

The purpose of this paper is to establish this behavior for general diffusion

processes; more specifically, for solutions é;(t) of stochastic differential systems.

For simplicity, we shall take the coefficients to be time-independent.   Thus, £(t)

is the solution of an 72-dimensional system

(o.i) #(/) = b(£(t))dt + oi€ (t))dw(t),

where g(t) = (f ,0), • • •, £„(')), b(x) = (Aj(x), • • •, bn(x)\ and a(x) is nxn matrix

(a..(x)).

In §§1, 2 we consider the case where the matrix o(x) is nondegenerate for

all x £ R".   In §1, we prove a theorem of the form (i), and in §2 we prove a theo-

rem of the form (ii).   The conditions under which these theorems are proved are

rather sharp.   Moreover, they do not depend exclusively upon the dimension n.

Thus, some diffusion processes wander out to 00 even though n = 2, whereas others,

with 72 > 3, visit any ball at a sequence of time increasing to 00.

In §§3, 4 we consider the case where the matrix o(x) is degenerate.

Finally, in §5 we complement the results of §1 by deriving an estimate on the
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186 AVNER FRIEDMAN

rate at which  |ff(r)| -"»as/ —» oo; it is proved that

Px{\£it)\/te      oo as i - ool = 1,    for any 0 < 0 <'4.

1. Nondegenerate diffusion: Wandering out to infinity. Set

d2u       ¿,   ,L«S   Y   a..ix)JL?L
i%    "     dx.dx.      ft    '     dx.

We shall assume

(Aj) For all x e R",

¿   l*,-C*)| +   ¿    k¿j.(x)| < C(l + |x|)      (C constant);
i=i í,y=i

for any R > 0 there is a positive constant CR such that

£   \b.ix)-b.iy)\+   ¿    k,.Xx)-<7..(y)|<CR|x-y|
z=i i,y=i

if \x\<R, |y|<R.

(A2) The matrix (a..(x)) is positive definite for each x £ R".

Let

B(x)= ¿ a..(x),      C(x,cf)=¿(f.6.(x),
¿=l i=l    '

and set

Bix)-Aix,£) + Cix,Ç)
(1.1) six,0 = —--t^tt-—,      Six) = Six, x).

Aix,t)

We shall need the assumption:

(A,) There is a positive constant RQ such that

(1.2) S(x)>l + i(|x|)    if 1*1 >R0,

where e(r) is a continuous function satisfying
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Notice that (1.3) holds for any of the functions f(s) = d, e(s) = A/s, ((s) =B/(logs)

where d, A, B ate positive constants and B > 1.

Theorem 1.1. Let (Aj)-(A3) hold.   Then, for any x £ R",

(1.4) Pxl\€it)\ -*<» if t -»oo| = 1.

Proof. Let a> 0.   By (A,), there is a continuous function 6(r) defined for

r > a such that

(1.5) S(x)>0(|x|)      if |*|>a,

(1.6) (Xr)=l + i(r)    if r>RQ.

We shall construct a function f(x) = F(r), where r = |x|, such that Lf(x) < 0 if

|x|>a.  As easily verified,

(1.7) Lf(x) = A(x, x)F"(r) + (F '(r)/r)[B(x) - A(x, x) + C(x, x)].

Hence, if

(1.8) F'(r)< 0   for r>a,

(1 .'9) F "(r) + (6(r)/r)F ' (r) = 0    for r > a,

then, by (1.5)-(1.7),

(1.10) L/(x)<0   if |x|>a.

Set

(1.11) l(r)=r™>ds.
Ja    s

Then a solution of (1.9) is given by

(1.12) F(r) = f"e-,{s)ds;

the integral is convergent, by (1.3), (1.6).  Notice that (1.8) is also satisfied.

Hence (1.10) holds when F is given by (1.12).

By Ito's formula and (1.10), if |x| > a then

(1.13) ExF(\£(r)\) - ExF(\x\) = Ex JJ" Lf(£(s))ds < 0
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where r is any bounded stopping time such that \£(s)\ > <x if 0 < s < r.  Let ß > a,

and let raa denote the exit time from the shell [y; a< \y\ < ß\.  Denote by P (a)

the probability that |f(/ao)| = <*■ (given £(0) = x) and by Px(ß) the probability

that \€(raß)\ = ß (given £(0) = x).  Setting r=T A raß in (1.13) and taking

T —» oo, we get (since rag < oo a.s.; see Theorem 1 of [3]),

F(a)Px(a)+Fiß)Pxiß)<Fi\x\).

Taking ß —» 00 and using the fact that F(ß) —* 0 if ß —» 00, we get

(1.14) lim   P(a)< fíEÍ.
y8-~   *     ~   F(a)

Introduce the balls B   = iy; |y| < pi (0 < p < 00) and the event

(1.15) Q(a) = [^(r ) hits the ball Ba fot some t > 0{.

Then we can write (1.14) in the form:

(1.16) PxiSlia))<Fi\x\)/Fia).

Denote by tR the hitting time of the boundary of the ball BR by £(t).   By

[3, Theorem l], if |x| < R then ExtR < 00; consequently, PjtR < °°i = 1.  Introduce

the event

ñ (a) = |£(z) hits the ball Ba at a sequence
(1.1/)

of times increasing to oo{.

Thus Í2 (a) is a subset of 0(a).

Let a< |x| < R.  Since PjtR < oo( = 1,

P (0*(a)) = P if it + tR) hits Ba at a sequence of times increasing to »I.

Using the strong Markov property, we get

< E P. .    Ma)) < EF{R)/Fia) = F(R)/F(a),
—        X     b  \Zp / "~

where (1.16) has been used.   Taking R —♦ °°> we get PX(Q (a)) = 0.   This means

that

PÍ ljm |^0)|>al
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Since a is arbitrary, we get

P /lim   |£(/)| = ooj=l,

'/—.00 "

i.e., (1.4) holds.

We shall now replace the condition (A,) by

(A') As |x| —> oo,l3'

0(1.18) a Ax)-* a
'J 'i

(1.19) ¿ x.A.(x) -0,
7=1

where the matrix (a..) has at least three positive eigenvalues.

Theorem 1.2.  Let (Aj), (A2), (A^) hold.   Then, for any x £ Rn, the assertion

(1.4) holds.

Proof. We can perform a nonsingular transformation x —» x  in R" which

takes (a..) into (a..), where a.. = 0 if i 4 j, a..= l if /' = 1, 2, 3 and a.. = 0 or 1
l] ij ' l] 'it ' 11

if 4 < i < T2.   In the new coordinates the condition (A ) holds with ((s) = d where

d is any positive constant < 1.   Now apply Theorem 1.1.

2. Nondegenerate diffusion: Visiting small neighborhoods. We shall replace

the condition (A,) by

(A.) For any z £ R" there is a positive constant Rz such that

(2.1) S(x, x - z) < 1 + f(|x - z\)    if |x - z\ > Rz,

where e(r) is a continuous function satisfying

(2.2) XT""?!"//!   —ds]*-«8   for some R+>0.

For simplicity we have taken e(r) to be independent of z; but the subsequent

results are unaffected if Ar) is allowed to depend on z.

Notice that the function t(r) = l/dogr) satisfies (2.2).

Theorem 2.1. Let (Aj), (A2), (A4) hold.   Then, for any x £ Rn and for any

ball Ba(z) = fy; \y - z\ < a\, a > 0,

(2.3) P ¡rf (/) hits Ba(z) at a sequence of times increasing to oo| = 1.

Proof. We take, for simplicity, z = 0 and write Ba = Ba(0).  We shall first

construct a function fix) = Fir) foi r = \x\ > a such that
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(2.4) Lfix) > 0   if |x| > a.

Let 6(r) be a continuous function such that

(2.5) S(x)<0(|x|)       if |x|>a,

(2.6) 6(r) =1 +eir)    if r>RQ.

In view of (1.7), if F(r) satisfies (1.8), (1.9) then (2.4) holds.   With the definition

(1.11), the function

(2.7) Fir) = -frae-,(s)ds

satisfies both (1.9) and (1.8).   In view of (2.6), (2.2),

(2.8) Fir)-* -«.    ifr-.oo.

We shall now apply the first part of (1.13) to the present function F(r).

Making use of (2.4) and taking r = ra» A T, we get, after letting T —» <»,

(2.9) F(a)Px(a) + Fiß)Pxiß) - F(|x|) > 0.

Taking ß —> °° in (2.9) and using (2.8), we conclude that Pjß) —» 0 if ß —» «.

Hence, Px(a) = 1 - Pjß' —> 1 if fS —> °°.   This means that

(2.10) Pxiüia)) = 1

where 0(a) is defined in (1.15).

For any p > 0, let dBp = ly; |y| = pi.   Let a< Rj < R2 < • • • < Rm < • • •,

R    —► oo ¡f 772 —» oo.   Introduce Markov times
m

fj = first time f(t) hits Ba;

ct. = first time > r   such that zf(<) hits dBR ;

in general,

r   = first time > cm_i such that f(i) hits Ba;

a   = first time > r   such that ¿¡(t) hits dB,,   .
771 771 7*

777

By (2.10), r, < oo a.s.  Hence, by the strong Markov property,

Px(ax < oc) = Px(rx < oo, o-j < oo) = E^ftypCrj _»-,_«><.•

By Theorem 1 of [3], P^iffj -fj < 00) = 1 if \z\ < Rj.  Since \£(r¿\ = a< Rj a.s.,

' (<7i

X       1
we get P.i°~, < 00) = 1.
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We now proceed by induction.   Assuming that r   < oo a.s., we get

P (a   < oo) = P (r   < oo, a   < oo) = E E,,,   .v       .        =1
x    m x   m 771 x   S (r   y^cr   -r   <oo

771 772        77]

since P (a   -r    < oo) = 1 ¡f \z\ < R     (by [3]).   Next
Z     771 771 '    ' m        '

P (r     , < oo) = P (a   < oo, r   x1 < oo) = F F, .     ,v, „ ,„ - 1
xVto+1 *V  to TO+1 x   €ifrmY<-TM + x-<rm<~

since, by (2.10), P (r     ,-a   < oo) = 1 for any z £ R", \z\ > a.
* z   m+1        m i   i —

We have thus proved, by induction, that r    < oo a.s. for all 772.

Now, at each time t = r   , ¿;(t) hits B„.  Further, since |rf(ff  )| = R    —»00
m a. 'mm

as 772 —» 00, lim      „ff   =00; hence also lim      „ r    =00.   This completes theTO—OO     7TZ ' TO—»    TO r

proof of (2.3) (in case z = 0).

We shall now replace the condition (A4) by

(A^) As  |x| —»00,

(2.11) a Ax) - a° = o(l/log |x|),

(2.12) £|A.(x)| = o(l/|x|log|x|),

and the matrix (a. .) has precisely two positive eigenvalues.

Theorem 2.2.  Let (A.), (A ), (A') hold.   Then, for any x £ R", the assertion

(2.3) holds for any z £ Rn, a> 0.

Proof. We perform an orthogonal transformation x —» x  that takes (a. .) into

a new matrix (a..) with a .. = 0 ií i 4 j 01 if i = j > 3, and a.. = 1 if i = 1, 2.   In

the new coordinates, the condition (A4) is satisfied with f(r) = l/(logr).   Now

apply Theorem 2.1.

Remark. Suppose (A4) is replaced by

a..(x)—*a..   as  |x| —< 00,

£|A.M|.o(l/|x|)    as  M-.«

where the matrix (a. .) has precisely one positive eigenvalue. Then the asser-

tion of Theorem 2.1 remains valid, with the same proof; here t(r) = d where d is

any positive constant < 1.

Example. Consider the case where 72 > 2, A. = 0 and ff is such that

W = (a..),       a.. = 8.. + (g(r)/r2)x.x.      (r = |x|);



192 AVNER FRIEDMAN

g(r) is a Lipschitz continuous function vanishing near r = 0, and

p < g(r) < M    where p. > -1, M < oo (¡i, M constants).

The eigenvalues of (a..(x)) are 1  (with multiplicity n - 1) and 1 + g.   Hence

(a..(x)) is positive definite for all x £ R".   Clearly,

S(x) - 1 = (b - 2 - g(r))/(l + g(r)) = < (r).

Hence, if g(r) is such that e(r) = A/(log r) fot some A > 1  (and all large r) then

the assertion of Theorem 1.1 holds.   If g(r) is such that e(r) = l/(logr), then

(A  ) holds with e(s)= l/(logs)+ C/s tot some positive constant C; consequently

the assertion of Theorem 2.1 holds.   This example shows that the conditions

(A,), (A.) made in Theorems 1.1, 2.1 are rather sharp.

This example also shows that the behavior asserted in Theorems 1.1 and

2.1 does not depend exclusively on the dimension n.   In fact, given any Ár) which

converges to 0 as r —» oo, take g - (n - 2 + t)/(r + t) (for all large r) in the above

example.   Then the behavior of f(i) does not depend on b; if f(r) > A/(logr) for

some A > 1 then zf(/) wanders out to oo (i.e., (2.3) holds), whereas if e(r) < l/(logr)

then f(f) visits any neighborhood at a sequence of times increasing to oo.

Meyers and Serrin [7] have introduced the conditions (A,), (A4) in studying

the existence and uniqueness of bounded solutions u fot the exterior Dirichlet

problem.   When (A.) holds, they prescribe u at °°, but when (A4) holds they only

require that u be bounded near ».   The above example is taken from [7].

3. Degenerate diffusion: Wandering out to infinity. We  shall  now  allow

the   matrix   (a..(x)) to degenerate   on   a  compact  subset  of  R".   This   set

will  consist  of  a   finite   number   of  points   Gx = lz. ¡,« • •, G.    = {z.   i and

of a finite number of hypersurfaces dG k     .,•••, dGk     .   .where Gfe     . isa

closed bounded domain with boundary dG,      ..   It is assumed that G. O G. = 0

if i /= j.   Let

k

k = k0 + kx,       G=\J G.,      Ô = Rn\G.
i=l

Denote by p .(x) the distance from x to G. when x i int G., and let

f n = min dist (G., G.).
0     ifi ' ' '

We shall assume

(Bj) dGh (k0 + 1 < h < k) is in C3.   If 1 < h < kQ then b.(zb) - 0, o..(zh) = 0

for 1 < if /' < «.   If kQ + 1 < h < k then
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(3.1) y   a..v.v.   =0   on 3G,,
£-*      1}  i j b'

',i = i

(3.2) "   -a ■    ^   -        Vhib,v)+   y   a..--2. > 0    on 3G,
i ill   "dx.dx. - h

where v is the outward normal to 3G,.   Finally, the matrix (a..(x)) is nondegen-
*. r> *7

erate for any x £ G.

Ii (A,), (B.) hold then, by Friedman and Pinsky [5, Theorem l.l], for any

x £ G,

P {¿it) hits G at some time / > 0¡ = 0.
x —

By [5], there exists a continuous function R(x) in R", which has the follow-

ing properties:

(i) R(x) is in C2(G>,

(ii) z?(x) > 0 in G;

(iii) R(x) = ph(x) if ph(x) < eQ; R(x) > en if min¿ p¿(x) > eQ;

(iv) R(x)= |x| if |x|  is sufficiently large;

(v) 2? ,   , a. .(x) 32R/3x .ax .< 0 if x e G, V R(x) = 0;
z,;=i    zj 1    j '    * '

there are precisely & - 1 points x in G with V^fl(x) = 0.

Let

Q =   Ä        , ^dRdR
y fl..u)^—

¿7=1    "     âx. <9x.
1       7

2r

8= V A.(*)™ +   V   a..(x)
■ •    !     ffx.     Ai   "     3x.3x

§1 +  ¿   -'-*-!
¿ = 1 ^       ¿,y = I

0-(l/RXS-a/R).

Then, if g(x) = <P(R(x)),

(3.3) Lg(x) = dW(R) + <t>'(R)/R] + RQV(R).

Clearly

S(x) = 1 + R2(x)Q(x)/&(x)    ii |x| is sufficiently large.

As proved in [5], if limGJ(x) < 0 as R(x) —* 0 and as R(x) —» °o, then

P Í min   [p. (£(t))] -» 0 if í -. 00) = 1    if x 6 G;
* U<b<k    " )
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Thus, in this case, ¿j(t) neither wanders out to oo nor visits any neighborhood in

G at a sequence of times increasing to oo. Hence, in order to obtain the type of

behavior asserted in Svl, 2, we shall have to change the conditions on Q(x).

As will be shown, in order to generalize the results of §§1, 2, to the present

case where (Bx) holds, we do not need to change the conditions (A,), (A.) near

oo.  We only need to impose a condition on Q(x) neat R(x) = 0.   This condition is

(B,) For some 0 < 8. < e. there is a continuous function e(r), defined for

0< r< 8Q, such that

(3.4) Q(x) > (<î(x)/R2(x))((R(x))    if 0 < R(x) < 8Q,

and

(3.5) f*° I exp If*0 ̂ dtlds - oo    if r — 0.

We can take, for example, e(s) = - l/[log(l/s)].

Remark. The condition: lim£?(x)< 0 as R(x) -»0 isa "stability condition",

meaning that G attracts Ç(t) neat the boundary.   The condition (3. 4) can be in-

terpreted as a weak "repelling condition".

Theorem 3.1.  Let (A,), (Bj), (B2) and (A^ hold.   Then, for any x £ G,

(3.6) Pj|£(f)|-~   z/i-ooj = i.

Let G be contained in a ball BR   = iy; \y\ < RA].

We shall first prove a lemma.

Lemma 3.2.  Let (Aj), (Bj), (B2) hold and let ß > R*.   Then, for any

x e G r\Bg,

(3.7) pxté^ hüs the sei dBß for some í > 0} = 1.

Here Bß is the ball iy; \y\ < ß\ and dBß is its boundary.

Proof. We first construct a function g(x) - 3>(R(x)) for x £ G D Bß, such that

(3.8) Lg(x) < 0   if x e G n Bß.

Denote by zx,"-, z,_l the points in G where V^R(x) = 0.   By slightly

modifying the proof of Lemma 2.1 in [5l, we obtain a modified function R(x) for

which the points ».,••♦, zk_ x  lie outside the ball Bß. We shall work, in the

present proof, with this modified function  R(x); it coincides with the original

R(x) in the fn-neighborhood of G.
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We claim that there is a continuous function 6(r) satisfying

(3.9) 1 + R2(x)Q(x)/Q(x) > 6(R(x))   it x £ G n Bß,

(3.10) eir) = l +e(r)   ii 0<r<o0.

Indeed, since S(x) 4 0 if x £ G, V.R(x) 4 0, the left-hand side of (3.9) is a

bounded function if x £ G O Bß, min, p,(x)> 8Q.   Using the assumption (3.4),

the existence of 6(r) [satisfying (3.9), (3.10)] follows.

Let 3>(r) be a solution of

(3.11) <P"(r) + cXr)<p'(r)/r=0    if 0 < r < rQ,

(3.12) <D'(r)<0    if 0<r<rQ

where rQ = maxi   1 £ ^ Rix).   Then, upon using (3.3), (3.9) we conclude that

g(x) = $(R(x)) satisfies (3.8).

A solution of (3.11), (3.12) is given by

(3.13) <!>(r)--f\Jj;e-^dt~\ds.

In view of (3.5),

(3.14) (D(r) ̂ 00   if r - 0.

By Ito's formula and (3.8)

(3.15) Ex<t>(\£(r)\) - E^(\x\) = Ex jTo Lg(£(s))ds < 0,

where r is any bounded stopping time such that £(s) £ G O Bß if 0 < s < r.   De-

note by G   (f > 0) the closed e-neighborhood of G, and denote by ff « the hitting

time of the set Gf U dBß.   By [3, Theorem l], Px(°(ß < °°) = 1 if x i Gf, x £ Bß.

Denote by PXU) the probability that £iaeß) e G   (given ¿i0) = x), and by Px(ß)

the probability that £io(ß) e 3Bß (given rf(0) = x).  Substituting r = fffa AT in

(3.I5), and taking T —> 00, we get

$(f)Px(<)+$(/3)Px(/8)<<I<|*|).

Taking f —> 0 and using (3-14), we deduce that P (i) —» 0 if f —» 0.  Hence

P (jS) —»1 if f —> 0.   But this implies the assertion of the lemma.
x *

Let R <a< R and denote by tR the hitting time of the ball BR.   By
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Lemma 3.2, PXUR < °°) = 1 if x £ G.   Hence, by the strong Markov property (cf.

the proof of Theorem 1.1),

P'x(Q,*ia))=EPiu   )iQ*(a))<EPiu  AQia)),

where the notation (1.15), (1.17) is used.

Now, in the domain {y; |y| > R i the matrix (a.Ay)) is nondegenerate. Since

the condition (A,) holds, the estimate (1.14) remains valid for x = f(iR).  Hence

Px(Q*(a)) < F(R)/F(a)      iFir) — 0 if r -+ oo).

We can now complete the proof, as in the case of Theorem 1.1, by taking R —► oo

and noting that a can be arbitrarily large.

Theorem 3.3. Let (Aj), (Bj), (B2) and (A^) bold.   Then for any x £ G the

assertion (3.6) holds.

Proof. Proceeding as in the proof of Theorem 3.1, it remains to establish

the estimate (1.14).  We now perform a nonsingular transformation as in the proof

of Theorem 1.2.

4. Degenerate diffusion: Visiting small neighborhoods.

Theorem 4.1. Let (Aj), (Bj), (B2) and (A4) hold.   Then, for any ball Ba(z)=

{y; \y - z\ < a\, a > 0, lying entirely in G, the assertion (2.3) holds.

Proof.   For simplicity we take 2 = 0.   Let R be any positive number such

that R > a and such that G is contained in the interior of the ball BR. We shall

prove: if x e dBR then

(4.1) PJ£^ hits the bal1 Ba for some ' > 0i = 1.

Let 8 > 0 be sufficiently small so that 8 < eQ, the closed 8-neighborhood

Gj of G lies in the interior of BR, and G g C\Ba = 0.

We shall construct a function f(x) = F(R(x)) in R"\gs such that

(4.2) Lfix) > 0      if x £ Rn\Gs,

(4.3) F(r)—-oo    if t -» oo.

Notice that at the points z     (n»> 1, ••*,&—1) where V^Rix) = 0, Cf = 0 and,

therefore, by the property (v) of R(x), Q < 0.   Hence, Q(x) < 0 in a neighborhood

of each point z   .   It follows that there is a continuous function 6(r), S < r < oo,

such that
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(4.4) 1 + R2Q/Q < 6(R)    ii x £ R"\Gh.

In view of (A.), we can choose d(r) so that, for all r sufficiently large, 6(r) =

1 + t(r) where er(r) satisfies (2.2).   If we now define F(r), for r > o, by

then F (r)< 0, and (4.2), (4.3) hold.   Arguing as in the proof of Theorem 2.1

(following (2.8)) with the present function /(x) = F(R(x)) and with the set

«y! lyl S. ai replaced by Gg, we conclude that for any x £ Rn\Gs,

(4.5) pxtéiti hits the set G8  for some ' > 0Ï = I.

Let ß > R and denote by C»j the domain bounded by dG 8, oßa, dBa-

Denote by ra^ the exit time from this domain.   By [3, Theorem l], P (r  „< oo)=l

if x e GaoS .   Using the strong Markov property we get, for any x £ dBR,

Pj£(t) hits B„ for some / > 0¡

= Pjf (í + í-^) hits Ba for some / > 0¡

= E Pflr    Jf (/) hits B„ for some t > Q\
x   S{Taß' a

> P ¡¿(r „) e do  Î + P i^(^fl) e ^ |    inf    P irf (f) hits Bn for some r > 0|.
—    x'=     aö a x        ap o    .,cXr.      y a —yeaGg    y

Denote by o~aR the hitting time of BaU 3BR.   By Lemma 3.2, if y £ oGg,

then P (aaR < °°) = 1.  Hence, by the strong Markov property,

P \B it) hits Ba for some t > 0|

= Py\£it + aaR) hits Ba for some r > 01

= E P/:,„    ,!£(/) hits Ba fot some r > Of

- Pyii(o-aR) e «?fla|

+ (1 - P i£(ff J £ dBj)   inf     P l£(z) hits B„ for some / > 0|.
y        aK a    xeñBR    x a -

Combining this with the previous inequality, and setting

P (a) = P if it) hits B„ for some t > 0|,
xx a. —

Yaß{x) ' PjMaR'* e ¿Ba\,

yßM-PsmraR)edGs},

p(y) = P\£iaaR) £ 3Ba\,
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we arrive at the inequality,

(4.6)      P (a) > v ¿(x) + yßix)    inf   ¡uiy) + [l - p.(y)]    inf    P (a)l.
x p H       yedGs\ zedBR    z     j

Note that yaa(x) is the solution zz(x) of the Dirichlet problem:

Lu = °    i" 4/38«

u = 1    on r3ß »
a

a = 0   on <9GS u dBß.

Hence, by the strong maximum principle, yaa(x) is positive on dBR.  Further,

yaJ.x) / if ß / .  Similar assertions are true for yÂx).  Since Yaß(x) + XgOO < 1,

we conclude that

(4-7) yßix)<6<l      ixedBR)

where 6 is a constant independent of /3.

Notice that (4.5) implies that

(4.8) yaßix) + y^(x) -, 1    if 0 - »o      (x £ c?BR).

Let Pa = inf £ dß     P2(a)-   Let 77 be a positive number, and choose xQ in

dBR so that Pa > Px (a)- rj.   Let y0 be a point in <9Gg such that

inf   fp.(y) + [1 - p(y)]PA > {piy.) + [l - p(yn)]iPa - >?.
yeaGg

Applying (4.6) with x = xQ, we get

Pa > Yaß^xO) + tyM^ + ̂  ~ MK^ ~ ̂

Hence

pj1 - y/3(*o)[1 - i*y(ß ï yaß{-xo) + y/^oVW - 2,<-

Taking )8 sufficiently large and using (4.8) with x = *„, we get

pJ1 - V*//1 - ^o)]! >!l - yß{xo)l1 - ^y0)]] -^

Denote the expression in braces by Ag.   From (4.7) it follows that Xß>

1 - 6 > 0.   Hence

Pa > 1 - 377/A^ > 1 - 3í7/(1 - 0).
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Since 77 is arbitrary, Pa = 1.   This implies that Pa(x) = 1 for all x £ 3GR, i.e.,

(4.1) holds.

Having proved (4.1), we can now easily complete the proof of Theorem 4.1

by the argument given in the proof of Theorem 2.1 (from (2.10) on). Instead of

(2.10) we use (4.1), and instead of Theorem 1 of [3] we use Lemma 3.2.

Remark 1. Theorem 4.1 remains true if the condition (A.) is replaced by

(A4), or by the conditions in the remark following Theorem 2.2.

Remark 2. When the ff..(x) are linear homogeneous functions, the matrix

(a..(x)) degenerates at the origin and (possibly) along rays initiating at the

origin.   In case the A .(x) are also linear homogeneous functions the behavior of

¿(t) was studied in detail in [4].   The function Q(x) is now homogeneous.   If

Q(y) < 0 for all y, \y\ = 1, then Pj&t) — 0 if t — oo| = 1 for all x.   If Q(y) > 0

for all y, \y\ = 1, then Pj|f(i)| — ~ if / — ~i = 1 for all x 4 0.

5. The rate of wandering out to infinity. In this section we return to the

situation of Theorem 1.1.  We shall assume

(A.) a..(x), A.(x) are bounded functions in R", the a..(x) are uniformly

Holder continuous in R", and, for all x £ R", zf e RH,

n

£  a..(x)£.£.>aQ\£\        (aQ positive constant).
i',; = l

We shall also assume that the function e(r) occurring in the condition (A )

satisfies, for some rQ sufficiently large,

(5.1) ((r) = d    it r > r.       (a" positive constant).

Theorem 5.1.  Let (A ), (A ) hold and let (A ) Ao/a" with t(r) satisfying

(5.1).   TAer2, for any 0 < 8 < lA, x £ Rn,

(5.2) Pxl|f(/)|/f*-.«>¡/ i—«1=1.

For £(t) a Brownian motion w(t), this result was proved by Dvoretsky and

Erdô's [l].  As in [l], the function /   occurring in (5.2) can actually be replaced

by t  g(t)k(t) where g(t), K(t) ate positive, monotone decreasing, A(t) —* 0 if

t —» », and

£  [g(2m)] ° < 00    for some dQ <d,dQ< n.
71=1

More recently, Theorem 5.1, under more restrictive assumptions, was proved by

Friedman [3].   The proof in [3] exploits the result of Dvoretsky-Erdös together
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with estimates on Ex | ¿j(t) - aQw(t)\  , where ff0 ^ lim o(x) as |x| —» oo.   The

present proof is entirely different from that in li]; it is modeled after the proof

in [l]for £(t)=w(t).

We shall first prove two lemmas.

Lemma 5.2.  Let (Aj), (A ) and (A ), (5.1) hold.   Then there exists a posi-

tive constant C such that for any a> rQ, x e R",

(5.3) Pj|f 0)| < a for some t>0\< Cia/\x\)d.

Proof. Let R> a.  Consider the Dirichlet problem:

LaR(x) = 0    ifa<|x|<R,

uR = 1    if |*| = a, uR = 0 if |x| = R.

Let f(x) m F(r) (r = \x\) be the function constructed in the proof of Theorem

1.1.   Then v(x) = F(r)/F(a) (r = |x|) satisfies

Lv<0    ifa<|x|<R,

v = 1    if |x| = a,      v > 0,    if |x| = R.

Hence, by the maximum principle,

(5.4) 0 < uR(x) < vix).

By a standard argument (cf. [7]), there exists a sequence R = R    S °° for

which the u„(x) converge point-wise to a solution u oí

(5.5) La = 0    if|x|>a,      zz = 1    if |x| = 1.

From (5.4) we get

f00 expl-l(s)]ds
0 < uix) < vix) = 1-.

f   exp[-/(s)]a"s
Ja

Using (5.1) to estimate the right-hand side, we obtain,

(5.6) 0 < uix) < Cad/rd

where C is a constant independent of a, x.

Now, by Ito's formula, if a< |x| < R,

uDix) = P hf (/) hits dBn before it hits dB J.

Hence, if |x| > a,
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(5-7> uix) = Pjf (f) hits dBa for some t > 0i.

Now, if |x| < a then the assertion (5.3) is trivially true (with C = 1).   If, on

the other hand, |x| > a then the assertion (5.3) follows from (5.7), (5.6).

Lemma 5.3. Let (Aj), (A5) and (A?), (5.1) hold, with d<n.  Then there is a

positive constant C' such that, if a > rn, |x| < a/4, T > 0,

(5.8) Px{ |f fc)| < a for some t>T\< C'(a/r V.

Proof. By the Markov property and Lemma 5.2,

Pxí|f(í)|<a for some t > T\

= ExPilTßU)\ < a for some t > 0]

= Px\\€(T)| <ai + Ex{x\ziT)lJc*d/\tiT)\d]\

Denote by K(t, x, y) the fundamental solution of the parabolic operator

d/dt-L.  By [2],

(5.10) 0 < Kit, x, y) < (M/t^2) exp l-p\x - y\2/t]

where M, p. ate positive constants.

We can write

/=  f,   ,      KiT, x, y)dy,
J |y|sa

/ = Gad f  ,     -^-r KiT, x, y)dy.
1 J\y\>°-\y\d

We shall subsequently denote various positive constants by the same symbol C.

Substituting |y - x| = pyjT in the integral / and noting that

py/T = |y - x| < 2a   (since |y| < a, |x| < a),

we get

Substituting |y - x| = p-\fT in the integral / and noting that

pyjT = |y - x| > a/2    (since \y\ > a, |x| < a/2),

|y| > b - *\ - W > pVT/2    (since |x| < a/4 < \y - x\/l),

we get
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since n -1 - d>- 1.  Substituting the estimates for I, J into (5.9), the asser-

tion (5.8) follows.

Proof of Theorem 5.1. Without loss of generality we may assume that d < n.

We apply Lemma 5.3 with T = 2m, a = 2^m*       where 772 is a positive integer

suchthat |x|<2(m+1)e/4.  We get

Pxi\£it)\<te for some t, 2m < t < 2m + l\

< Px\\£it)\ < 2{m+l)e fot some / > 2m|

< c[2(m+1)9/2m/2]¿< C2m(ô~^W

Since 2 2m l < »,  the Bore 1-CanteHi lemma implies that, with probability

1, the sequence of events

\\£(t)\ < t6 for some /, 2m < t < 2m+l\

(where ¿(0) = x) occurs only finitely often.   Hence

P \\£(t)\ > t9 for all 1 sufficiently large! = 1.

Since this is true also for Q replaced by any 6', 6 < 6 <Vi, the assertion of the

theorem follows.

Corollary 5.4.  Let (A,), (A?) and (A3) AoW.   Then, for any 0<d<V2,

x £ R", the assertion (5.2) holds.

Indeed, perform a nonsingular transformation as in the proof of Theorem 1.2.

In the new coordinates the conditions (A,), (5.1) hold.

Remark. Consider the example at the end of §2.   If n = 2 and g =

- 1/(1 + l/d) (d > 0), then the assertion of Theorem 5.1 holds.  Thus, even when

T2 = 2, a di

o<e<1A.

a

n = 2, a diffusion process f(¿) may wander out to « at a rate > t , for any

REFERENCES

1.  A. Dvoretsky and P. Erdô's, Some problems on random walk in space, Proc.

Second Berkeley Sympos. on Math. Statist, and Probability (1950), Univ. of California

Press, Berkeley, Calif., 1951, pp. 353-367.    MR 13, 852.



WANDERING OUT TO INFINITY OF DIFFUSION PROCESSES 203

2. A. Friedman, Partial differential equations of parabolic type, Prentice-Hall,

Englewood Cliffs, N. J., 1964.    MR 31 #6062.

3. -, Limit behavior of solutions of stochastic differential equations, Trans.

Amer. Math. Soc. 170 (1972), 359-384.

4 A. Friedman and M. A. Pinsky, Asymptotic behavior of solutions of linear

stochastic differential systems, Trans. Amer. Math. Soc. 181 (1973), 1—22.

5. -, Asymptotic stability and spiraling properties of solutions of stochastic

equations, Trans. Amer. Math. Soc. (to appear).

6. K. It3 and H. P. McKean, Diffusion processes and their sample paths, Die

Grundlehren der math. Wissenschaften, Band 125, Academic Press, New York; Springer-

Verlag, Berlin, 1965.    MR 33 #8031.

7. N. Meyers and J. Serrin, The exterior Dirichlet problem for second order elliptic

differential equations, J. Math. Mech. 9 (I960), 513-538.    MR 22 #8200.

DEPARTMENT OF MATHEMATICS, NORTHWESTERN UNIVERSITY, EVANSTON, ILLINOIS

60201


